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Equivalent plate wing models based on classical plate theory have been used for more than two decades as
computationally efficient structural approximations for airplane preliminary design. Prior publications describ-
ing these models indicate satisfactory correlation with the corresponding finite element analysis and test results.
In reality, a satisfactory correlation is not possible for certain types of structural wing concepts. The circum-
stances under which approximation by current wing equivalent plate theory is adequate are studied in this
article. A Boeing HSCT wing model with low aspect ratio is used and correlations are shown for displacements,
stresses, and natural frequencies and mode shapes. It is shown that current equivalent plate models based on
classical plate theory are only adequate for wings with high transverse shear stiffness. Results based on a new
equivalent plate formulation that accounts for transverse wing shear flexibility support this conclusion.

Introduction

Background

ETAILED finite element models, the standard tool used

in airplane static and dynamic structural analysis, are
computationally intensive. In addition, their generation, de-
bugging, and verification can take a considerable amount of
time even with advanced computer graphics and special pre-
and postprocessors. In a preliminary design environment, where
many configurations need to be studied before a final config-
uration is selected, the long time required to generate a new
finite element model tends to slow down the design process
and limit the number of configurations examined. In multi-
disciplinary optimization, where many analyses and sensitivity
calculations are required during the automated search for an
optimum design, structural analysis based on detailed finite
element techniques can lead to long computation times even
on current supercomputers.

The motivation for the development of approximate, ‘“‘com-
putationally cheap” structural models for preliminary design
is thus twofold: 1) accelerate model preparation and analysis
of new configurations, and 2) reduce computational cost of
autornated structural optimization and multidisciplinary op-
timization.

Beam models have been used for wing structural analysis
from the early days of aviation. They are quite effective for
the preliminary design of high aspect ratio, all metal wings.
However, for composite materials and low aspect ratio wings,
beam models can be totally inadequate. The sensitivity of
composite beams to root boundary conditions and warping
effects and the chordwise bending of low aspect ratio wings
are some of the reasons for limitations of these models.!-?
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Modeling low aspect ratio wings as equivalent plates, im-
posing Kirchhoff’s kinematic assumptions of classical plate
theory (CPT), and neglecting shear deformation in spar and
rib webs was the approach to structural modeling adopted in
the TSO aeroelastic wing optimization code.? In numerous
applications and several correlation studies with experiment
and finite element solutions, it has been shown that the TSO
plate models can capture essential structural characteristics
of realistic wings quite accurately.*# Reasonable accuracy for
the purpose of preliminary design in terms of static defor-
mation and mode shapes (and the resulting static aeroelastic
and flutter calculations) was demonstrated on the YF16 and
F15 wings. Some applications to high aspect ratio wings in
addition to more fighter type wings® have also been reported.

In Refs. 7 and 8 Giles reports modification and generali-
zation of equivalent plate models based on classical plate
theory for the modeling of cambered wings whose planform
is made of several trapezoidal “‘boxes” (TSO can handle only
one trapezoidal wing box and its control surfaces). Spar and
1ib caps are modeled directly in Refs. 7 and 8. Thus, the
internal structure of the wing can be modeled and stresses
are obtained in the skins as well as spar/rib caps. Giles’ con-
tribution, in addition to the capability to model multitrape-
zoidal wings, cambered wings, and spar/rib caps, extends to
the numerical aspects of equivalent plate formulation. Rather
than using well-behaved orthogonal polynomials for Ritz
functions, as in TSO, he shows that good accuracy can be
obtained with simple polynomials before stiffness and mass
matrices become ill conditioned.” This leads to significant
savings in CPU time since stiffness and mass matrix terms can
be obtained by analytic integration. Giles’ code (named ELAPS)
has become well known and widely used by the aeronautic
structural and multidisciplinary optimization community in
recent years.

In an effort to improve efficiency even further and extend
equivalent plate modeling to configurations that are needed
in aeroservoelastic optimization, the lifting surface control
augmented structural synthesis (LS-CLASS) code was devel-
oped at UCLA ?1° Like ELAPS, this code can handle con-
figurations made of wings attached to a flexible, beam-like
fuselage and to flexible control surfaces. In addition, all be-
havior sensitivities in LS-CLASS with respect to all sizing type
and planform shape design variables are based on analytic



954 LIVNE, SELS, AND BHATIA: HSCT WING

derivatives. Thus, the uncertainties and computational price
typical of finite difference derivatives have been avoided.

Motivation

The Boeing HSCT wing presents a challenge to any equiv-
alent plate modeling technique. It is cambered. It carries an
array of leading-edge and trailing-edge control surfaces. Un-
like the F15 and F16 wings, it has very few ribs. It is attached
to a long and flexible fuselage and contains a major discon-
tinuity in the form of a wheel bay area.

The potential benefits of multidisciplinary optimization in
the preliminary design stage of the HSCT are well recognized.
Following additional recent applications of the equivalent plate
modeling approach,'!:!2 a decision was made to pursue a sim-
ilar approach at Boeing to evaluate the feasibility and benefits
of this method, relative to traditional finite element practices,
in a realistic preliminary design environment. Before em-
barking on an optimization effort using equivalent plates, it
was decided to verify their accuracy and efficiency in the case
of the HSCT wing by comparison to the corresponding finite
element model using the airframe structural optimization code
ELFINIL."* The apparent lack of correlation between the re-
sults from the two representations led to a closer examination
of the capabilities and limitations of classical equivalent plate
models. It is believed the insights and lessons gained are unique
and will provide an important experience base for users of
equivalent plate models as well as directions for future re-
search and development.

Scope of Article

This article opens with a description of the Boeing HSCT
wing box models used. A systematic study of equivalent plate
modeling limitations is described next. Alternative plate mod-
eling practices are compared and discussed. Weaknesses and
causes for inaccuracies are identified. Guidelines for the de-
velopment of improved plate models are outlined, and results
using these new plate models are described.

HSCT Wing Models

Topology and Geometry

The ELFINI finite element model of the HSCT wing box
is shown in Fig. 1. The wing is attached to the fuselage along
the side-of-body (SOB) rib and at the carry-through structure.
It contains discontinuities in the form of a wheel bay and
intersections of the SOB rib and carry-through structure, as
well as the intersection of outer wing to inner wing. Control
surfaces and engine nacelles are not considered at this stage.
The wing contains an inboard section where chordwise de-
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Fig. 1 ELFINI model of a Boeing HSCT wing box.

formation is extremely important as in typical low aspect ratio
wings. The outboard wing, however, is of high aspect ratio
structurally. It should be noticed that the wing contains many
spars, but just a few ribs.

Three ELFINI wing box models are considered (Table 1
and Figs. 2 and 3): 1) a “simplified”” model that has symmetry
with respect to its middle plane, has no wheel bay, and its
depth varies linearly from root to tip; 2) a “cambered” wing
model that includes camber and depth distributions of the
HSCT wing studied but no wheel bay; and 3) a third model,
an “actual” HSCT wing model includes the wheel bay area
as well as camber and depth distributions of the studied wing.
This hierarchy in modeling complexity is required in order to
study separately the effects of camber and discontinuities due
to the wheel bay. The corresponding equivalent plate models
are all symmetric (contain no camber). Polynomial series are
used to define depth distribution of the plate models and were
obtained by least squares fitting of the finite element nodal
data. Figures 2 and 3 show geometric contour lines of the
actual HSCT wing and its corresponding equivalent plate model
in the spanwise direction and along several chordwise cuts.
Depth distributions for the simplified wing are also shown in
Figs. 2 and 3. In this case, the finite element and the corre-
sponding plate models have identical depth distributions.

Table 1 Wing models evaluated numerically

Camber Depth Wheel bay

HSCT wing (actual)  HSCT HSCT Yes
(== ()

Simplified cambered ~ HSCT HSCT No
(——)

Simplified symmetric No Linear root to tip No

-

Note: in the plate modeling of the actual HSCT wing, only polynomial depth
is taken into account. No camber is included in the plate model, whereas the
ELFINI model includes camber.

Figs. 2 and 3.
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Fig. 2 Comparison of wing depth for the actual HSCT wing: ELFINI
and LS-CLASS models (spanwise).
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Fig. 3 Comparison of wing depth for the actual HSCT wing: ELFINI
and LS-CLLASS models (chordwise).

Sizing and Material Properties

The wing skins are made of composite material layers with
the following on axis material properties:

E., — 249.633 GPa (0.362 x 10° psi)
fol — 9.654 GPa (0.14 x 107 psi)
Vio = 0.29

G, = 4.593 GPa (0.666 x 10° psi)

specific gravity = 1.58

Four fiber directions (0, 90, 45, and —45 deg with respect
to spar direction) are used in the inboard wing. Four fiber
directions (0, 90, 45, —45 deg with respect to the outboard
wing spar lines) are used on the outboard wing. The thickness
of a single ply is 0.09398 mm (0.0037 in.), and there are 20
plies in each fiber direction (representing a sandwich skin with
10 plies in each fiber direction on each face). Spar and rib
caps are made of composite material with the following uni-
axial properties:

E = 96.543 GPa (0.14 x 10% psi)
v 0.46

and the same specific gravity as the skins. Spar and rib webs
are made of the same material as the skins. Four ply directions
are used (0, 45,45, and 90 deg).

Details of ELFINI and LS-CLASS Modeling Practices

The finite element model is made of membrane (plane stress)
elements for skins, and a combination of shear and rod (truss)
elements for spars and ribs. An exception is the case of the
wing with a cutout for the landing gear, in which the skin over
the wheel bay was modeled using bending plate elements. A
single static load of a uniform 1 psi pressure over the wing
planform is used for static deflection and stress calculations.
Mode shapes and natural frequencies are calculated with the
theoretical structural mass matrix.

The LS-CLASS equivalent plate model is divided into four
“zones” (also denoted “global systems” in Ref. 9). Zone II
is divided into four trapezoidal segments and each of the other
three zones has a single trapezoidal segment associated with
it. The relation between zones and trapezoidal segments is
detailed below. In each zone a separate polynomial Ritz series

is used to approximate the vertical displacement of the wing.
Thus, over the first zone

wi(x, y) = {1, x,y, x% xy, y2, x3, ..} q.3

= {19 X, y, xl, x}’, }’2, x3, .. }{ql}

and over the second zone

wolx, ¥) = {1, x, y, x2, xy, y2, x3, . . .}

= {17 x’ y7 ‘x27 xy’ yz’ x37 A '}{qz}

Compatibility of slope and deflection between the two zones
is imposed by a series of very stiff springs at the outer/inner
wing interface.

Each zone can be subdivided into trapezoidal elements that
are used in the area integrations needed for stiffness and mass
matrix elements.® Zones are therefore used as large elements
in a p-type finite element method with compatibility imposed
by a penalty function approach'* using stiff springs. The equiv-
alent plate modeling technique described so far is based on
the kinematic assumptions of CPT, and does not account for
transverse shear deformation, and in particular, the contri-
bution of the spar and rib webs.

The continuous behavior of simple polynomial functions
used in the original equivalent plate modeling techniques tends
to smooth out any local effects due to geometric disconti-
nuities. Breaking a wing configuration into several zones makes
it possible to capture structural behavior in a piecewise con-
tinuous manner. It also makes it possible to use lower-order
polynomials in the displacement series, thus preventing the
numerical ill conditioning reported in Refs. 7-9. Results re-
flecting alternative selection of zones in modeling the wing
will be studied and discussed in this article.

All major spars and ribs are included in the LS-CLASS
model and are represented by their caps. Several short spars,
whose effect is local, were neglected. This, in addition to the
lack of spar/rib web modeling in the equivalent plate ap-
proach, leads to a small difference between the predicted
theoretical weights of the ELFINT and LS-CLASS models.

Boundary Conditions and Load Case

Boundary conditions in LS-CLASS are imposed in two ways.
For a simple configuration with a straight root, the Ritz pol-
ynomial functions can be selected to ensure zero displacement
and slope along that root. Alternatively, the boundary con-
ditions can be imposed by attaching the wing to the ground
via a set of stiff linear and rotational springs. When the stiff-
ness of these root springs is very high compared with wing
stiffness they practically cantilever the wing by enforcing zero
displacements and zero slopes.

Root springs offer an advantage, however, in that they can
be used to simulate local flexibilities that cannot be captured
by the equivalent plate model. Thus, in fine tuning the struc-
tural model to match the results of experiments, root springs
can take into account the local flexibility of the support since
no experimental setup guarantees ideal rigid support (Ref.
15, pp. 90-93).

Two sets of boundary conditions are used for this study.
The wing is cantilevered in the first case (case A). This case
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Fig. 6 Leading-edge deformation of the cantilevered wing under
1-psi uniform pressure load (actual HSCT wing).

is used for studying aspects of equivalent plate modeling such
as the effect of the-number of zones used and different rep-
resentations of the wheel bay area. In the more interesting
case of boundary conditions (case B), the wing is attached to
the ground through a series of vertical linear springs repre-
senting fuselage flexibility (Fig. 4). The effect of fuselage-
wing interaction can thus be studied. As will be shown, this
interaction is extremely important in the case of the HSCT
as compared with typical fighter wings that are usually at-
tached to a relatively stiff and short fuselage.

A 1-psi uniform load over the wing is the static load case
considered.

Aspects of Equivalent Plate Modeling

Different models were compared in the case of the canti-
levered wing in order to study the following aspects of equiv-
alent plate modeling based on classical plate theory: 1) the
order of displacement polynomials needed, 2) alternative zone
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Fig. 7 Effect of wheel bay skin thickness representation on trailing-

edge displacements of the CPT model (actual HSCT wing).
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Fig. 8 Effect of wheel bay thickness representation in the CPT model
on stresses at span station y = 111 in. (lower skin, o, for the 0-deg
layer, actual HSCT wing).
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Fig. 9 Effect of wheel bay thickness representation in the CPT model
on stresses at span station y = 305.1 in. (lower skin, o, for the
0-deg layer, actual HSCT wing).

models, and 3) the effect of the wheel bay opening on stresses
and displacements.

Examination of different orders of Ritz polynomials and
zonal arrangements led to a 4-zone model based on seventh-
order Ritz polynomials in each of the zones. The breakup of
the wing into four zones was guided by the presence of the
wheel bay cutout in the wing and the stress concentration it
produces (Figs. 1 and 5). Deformation along the leading edge
obtained with one and four zones are compared to the ELFINI
result in Fig. 6 for the cantilevered case. Rotational springs
of 2.5 x 10 Ib-in./rad are used at the root to compensate for
local differences in modeling between the finite element and
plate models. With four zones, the correlation is excellent.

The wheel bay area presents a difficulty to the plate mod-
eling. Since the LS-CLASS plate model assumes symmetry
about midplane, it cannot handle directly a case in which there
is an upper skin and no lower skin. Equivalent plate trailing-
edge deformation based on zero skin thickness and half the
actual thickness of the wing skin is shown in Fig. 7. The effect
of the wheel bay on structural .deformation is found to be
very small in the case of the cantilevered wing. The effect of
the wheel bay on lower skin stresses is examined in Figs. 8
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and 9. As we move away (outboard) from the wheel bay, its
effect on equivalent plate stresses diminishes. On the out-
board wing, plate stresses obtained assuming 0 thickness or
10-ply thickness for the wheel bay skin are practically iden-
tical.

As can be seen, the correlation between the finite element
and equivalent plate models for the cantilevered wing is rea-
sonable in the static case in spite of the differences in trans-
verse shear stiffness. The effect of transverse shear is discussed
in the next section.

ELFINY/Equivalent Plate Correlation for the Wing on
Springs Representing Fuselage Flexibility

Once the equivalent plate model was established for the
wing, it was used for extensive comparisons with the different
ELFINI finite element models. Case B boundary conditions
were selected because of the anticipation of strong coupling
between fuselage and wing stiffnesses and the importance of
chordwise bending in the inboard wing. Initial equivalent plate
results compared quite poorly with the ELFINI results for
both stresses and static displacements, as well as mode shapes
and frequencies. The plate model was found to be too stiff.
This was especially apparent in the chordwise direction.

In an effort to better understand the reason for this be-
havior, the simplified wing model was used. Thus, differences
between the ELFINT and plate models due to camber or wheel
bay were not present. A comparison of chordwise displace-
ments of the ELFINI simplified model and the equivalent
plate model is shown in Fig. 10. The plate model cannot
capture the chordwise bending along the side-of-body rib and
in the inboard wing area properly.

The reported success of equivalent plate models for the F16
and F15 wings (Refs. 3 and 4) suggested one reason for the
differences between ELFINI and LS-CLASS in the case of
the HSCT wing box. The F16 and F15 wings are densely
packed in terms of internal structure and include multiple
strong ribs to support external store carriage points. The HSCT
wing used for the present study contains only three full chord
ribs as shown in Fig. 1. The lack of strong ribs will explain
the differences in deformations along the SOB rib as shown
in Fig. 10. The plate model, based on Kirchoff’s hypothesis, ¢
is inherently stiffer chordwise and cannot portray such chord-
wise behavior.
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Fig. 10 Elastic deformation predicted by the ELFINI model and the
equivalent plate CPT model (simplified wing).

Further support of this hypothesis comes from Ref. 7. The
finite element model used to test the ELAPS model in Ref.
7 contains two trapezoidal elements, each containing 10 ribs
and 11 spars represented by thick webs. It is, thus, a finite
element model well described by a CPT plate model.

To prove this hypothesis, ribs were added to the ELFINI
model of the simplified wing along all possible rib lines pro-
vided by the finite element mesh shown in Fig. 1. Elastic
deformations for this model are compared (Fig. 11) with
equivalent plate results. The correlation is somewhat im-
proved, but the plate model is still too stiff. As a next step,
the effect of shear stiffness due to rib and spar webs was
examined. Figure 12 shows elastic deformation comparisons
between plate results and ELFINI results based on added web
shear stiffness in both spars and ribs. The web shear stiffness
increase is by a factor of about 6 compared to the baseline
design. Good correlation is obtained between equivalent plate
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Fig. 11 Elastic deformation predicted by the ELFINI model with
added ribs and the equivalent plate CPT model (simplified wing).
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Fig. 12 Elastic deformation predicted by the ELFINI model with
added ribs (including increased rib and spar web stiffness) and the
equivalent plate CPT model (simplified wing).
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and finite element results when the finite element model con-
tains multiple spars and multiple ribs with high web shear
stiffness. Improved correlation for stresses and mode shapes
is also obtained when the finite element model has been stiff-
ened in transverse shear (Figs. 13—15 and Table 2).

To further identify possible sources for disagreement be-
tween LS-CLASS and ELFINI results for the actual HSCT
wing, an HSCT wing was modified by adding ribs (wherever
possible according to the finite element mesh) and thickening
the spar and rib webs. The ELFINI model has the camber
and twist distributions of the wing, whereas the corresponding
plate model is symmetric with respect to the midwing surface

Table 2 Natural frequencies with root springs for the
simplified HSCT wing stiffened by the addition of ribs
and increased shear web thickness

ELFINI
Mode (stiffened), Hz LS-CLASS, Hz
1 9.9 9.90
2 26.6 26.2
3 28.0 28.1
4 36.6 39.3
5 39.6 56.6
30
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Fig. 13 Stresses predicted by the ELFINI model and the equivalent
plate CPT model (0-deg fiber along fiber direction, simplified wing).
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Fig. 14 Stresses predicted by the ELFINI model with added ribs
(including increased rib and spar web stiffness), and the equivalent
plate CPT model (along fiber direction, 0-deg fiber, simplified wing).
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Fig. 15 Second meode shape—CPT equivalent plate and ELFINI model
with added ribs and increased rib/spar web shear stiffness (simplified
wing).
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Fig. 16 ' Displacements of the actual HSCT wing with increased trans-
verse stiffness including camber and twist effects.

(Table 1 and Figs. 2 and 3). The effect of camber on the
accuracy of equivalent plate results has already been discussed
in Ref. 8 and studied using a model of a fighter-type wing.
Effects of twist and camber in the case of the HSCT wing are
shown in Figs. 16 and 17, which contain displacement and
stress correlations. The comparisons are good with differences
in stress distribution near areas of stress concentration due to
geometric discontinuities. It should be noticed that the divi-
sion of the wing to four zones (Fig. 5) in the plate model
makes it possible to capture the stress discontinuity that would
otherwise be averaged and smeared if only one zone was used
for the whole wing.

It is evident then that discrepencies in results between the
plate and ELFINI models in the case of the HSCT wing are
due to the inability of the CPT to represent the small number
of ribs and the thin spar and rib webs. Thus, transverse shear
representation and effects of the internal structure are the
main causes of differences between classical equivalent plate
and finite element results for the Boeing HSCT wing used in
the present study.
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Fig. 17 Stresses in the actual HSCT wing with increased transverse
stiffness including camber and twist effects (o, for the 0-deg layer).
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Fig. 18 Comparison of displacements of the simplified HSCT wing
(with actual shear stiffness) evaluated by ELFINI and by CPT and
FSDPT equivalent plates with stiff root springs.

New Equivalent Plate Modeling Technique Including
Transverse Shear

The findings described in the previous sections motivated
the development of a new equivalent plate wing modeling
capability. It is based on the kinematic assumptions of first-
order shear deformation plate theory (FSDPT),'® and is de-
scribed in detail in Ref. 17. The new capability includes mod-
eling of the spar and shear webs directly, including details of
their construction such as fiber directions and the number of
layers in each fiber direction. Therefore, spar and rib webs
are treated in a similar manner to the skin covers. Simple
polynomials are used for Ritz functions and for depth and
thickness distributions. Analytic formulas were obtained for
the contribution of each spar, rib, and wing skin panel to the
stiffness and mass matrices. This leads not only to compu-
tational efficiency (no numerical integration is needed), but
also to closed form analytical expressions for the derivatives

Table 3 Natural frequencies of the simplified wing
(actual ribs and spars) supported by springs
representing fuselage stiffness along SOB rib

(y = 83in.)

ELFINI, FSDPT, CPT,
Hz Hz (% error) Hz (% error)
9.5 9.2 (3%) 10.1 (6%)
239 23.4 (2%) 27.2 (14%)
26.9 24.7 (8%) 28.2 (5%)
337 30.3 (10%) 39.8 (18%)
36.1 32.5 (10%) 47.2 (31%)
42.7 43.6 2%) 53.7 (26%)
452 49.0 (8%) 56.9 (26%)
49.6 50.5 2%) 68.0 (37%)
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Fig. 19 Comparison of displacements of the simplified HSCT wing
(with actual shear stiffness) evaluated by ELFINI and by CPT and
FSDPT equivalent plates with soft root springs.

of stiffness and mass matrices with respect to sizing and shape
design variables for the wing. Alternatively, in an effort to
save computational time in a case with many spars and ribs,
the array of spar and rib webs can be modeled as an equivalent
core of a sandwich construction. Integration for stiffness and
mass matrix contributions is done in this case for one core
per area trapezoid, and not repeatedly for each spar and rib
web.

Displacement comparisons for the simplified HSCT wing
supported along the SOB rib by vertical springs representing
fuselage flexibility (boundary conditions case B) including
results from ELFINI, LS-CLASS(CPT), and the new FSDPT
wing plate model are shown in Figs. 18 and 19. In the results
of Fig. 18, both plate models included very stiff rotational
springs (1.0 x 10 Ib-in./rad) along the SOB rib and center
line to enforce a zero spanwise slope exactly. The advantage
of the new plate model (including transverse shear stiffness)
over the classical plate theory model is clear. Rotational springs
of 2.5 x 10 Ib-in./rad along the SOB rib and centerline in
the CPT model, and the corresponding y-direction springs on
the upper and lower skins along the SOB rib and centerline
in the FSDPT model lead to the results in Fig. 19. This com-
pensation for the local deformation of the finite element model
along the lines of support, improves correlation with the two
alternative plate models. A list of natural frequencies in Table
3 provides another demonstration of the importance of trans-
verse shear in the present case.
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Summary and Conclusions

Equivalent plate modeling practices were discussed in the
context of application to a Boeing HSCT wing. For models
based on CPT, effects of using zones and effects of a wheel
bay discontinuity were examined. Extensive studies of equiv-
alent plate modeling revealed limitations of the CPT models.
These models are consistently stiffer than the corresponding
finite element models and portray strong coupling between
bending and torsional behavior. The plate models as used
today in TSO,2 ELAPS,”# and LS-CLASS®-!° seem to be ad-
equate only in the case of low aspect ratio wings with many
spars and ribs and high transverse shear stiffness. The equiv-
alent plate models are inadequate for an HSCT wing because
the wing does not have a high transverse shear stiffness. This
inadequacy was more evident when the fuselage flexibility
effects were accounted for in the boundary conditions. A
newly developed equivalent plate wing modeling capability
based on first-order shear deformation plate theory (FSDPT)
leads to better correlation with finite element results for the
HSCT wing and shows promise as a fast, effective structural
analysis and behavior sensitivity tool for preliminary design.
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